We observe that Navarro's definition of a vertex for an irreducible character of a p-solvable group may be extended to irreducible characters in p-blocks with defect groups contained in a normal psolvable subgroup N , and show that this definition is independent of the choice of N . We show that the fundamental properties of Navarro's vertices generalize, and as a corollary show that the vertices of the irreducible Brauer characters in blocks of the above form are radical and are intersections of pairs of Sylow p-subgroups.
Introduction
In [9] Navarro defined the concept of a vertex for an irreducible character of a p-solvable group. To each irreducible character χ of a finite group G is associated a canonical pair (Q, δ), where Q is a p-subgroup of G and δ ∈ Irr(Q), defined uniquely up to G-congugacy. Call (Q, δ) a vertex of χ , and write Irr(G | Q, δ) for the set of irreducible characters of G with vertex (Q, δ). One property of vertices is that they respect a strong form of the Fong-Swan theorem, in that for each p-subgroup Q of G, restriction to p-regular elements defines a canonical bijection between Irr(G | Q, 1 Q ) and IBr(G, Q), the set of irreducible Brauer characters with vertex Q.
Another property of Navarro's vertices (which we show here), is that if an irreducible character of a p-solvable group lies in a block whose defect groups are contained in a normal subgroup, then it shares a vertex with any irreducible character of the normal subgroup that it covers.
In [6] Gagola extended the Fong-Swan theorem to irreducible characters in blocks whose defect groups lie in a normal p-solvable group. Motivated by this and the previous paragraph, we extend the definition of a vertex to such characters and show that vertices defined in this way have key properties of vertices for p-solvable groups demonstrated in [9] .
Let G be a finite group. Let O be a complete local discrete valuation ring with field of fractions K of characteristic zero and residue field k = O/J (O) of prime characteristic p. Assume that O contains a primitive |G| 3 root of unity, so that we may use the results of [8] . Except where we state otherwise, blocks are defined with respect to O. Write Irr(G, B) for the set of irreducible characters of G in B and Irr(G, B | Q, δ) for the subset consisting of those characters with vertex (Q, δ). We keep this notation for the extended definition of vertices as well as Navarro's. As we will see, the two definitions are compatible. If N ¡ G and µ ∈ Irr(N ), then write Irr(G, B, µ) for the subset of Irr(G, B) consisting of those characters covering µ. Write IBr(G, B) for the set of irreducible Brauer characters of G in B. Write IBr(G, B | Q) for the subset consisting of those Brauer characters with vertex Q (in the sense that the associated simple kG-modules have vertex Q).
In Section 2 we consider p-solvable groups and Navarro's vertices with respect to a normal subgroup containing the defect groups of a block. In Section 3 we define vertices for irreducible character in blocks whose defect groups are contained in a normal p-solvable subgroup and observe that the results of Section 2 show that this definition is independent of the choice of normal p-solvable subgroup containing the defect groups. In Section 4 we show that vertices as defined in Section 3 have some key properties identified in [9] , and also give some consequences of these.
Blocks of p-solvable groups
We first review Navarro's definition of a vertex for an irreducible character of a psolvable group G. See [9] for details.
For a set of primes π , an irreducible character χ ∈ Irr(G) is π -special if χ(1) is a π -number and for every subnormal subgroup N of G and every constituent θ ∈ Irr(N ) of Res G N (χ), the determinantal order of θ is a π -number. χ is called π -factorable if it may be written (uniquely) as a product of a π -special and a π -special irreducible character. We are interested in the case π = {p}.
We 
A nucleus of χ is a canonical (up to G-conjugacy) p-factorable pair (W, γ ) (G, χ) such that χ = γ G . This is defined inductively on |G| as follows: if χ is p-factorable, then (W, γ ) = (G, χ). If not, then let (N, θ ) be a maximal normal p-factorable pair under (G, χ). Then I = I G (θ ) < G, and there is ζ ∈ Irr(I, θ ) with ζ G = χ . By induction there is a nucleus (W, γ ) defined for (I, ζ ), and we make (W, γ ) a nucleus for (G, χ). Note that
Given a nucleus (W, γ ) of χ , we may write γ = αβ uniquely where α is p -special and
is called a vertex of χ , and is unique up to G-conjugacy. 
Q). Then χ has vertex (Q, δ) if and only if µ has vertex a G-conjugate of (Q, δ).
Proof. We use induction on |G|. Thus it suffices to consider two cases: N, µ) , is p-factorable, i.e., each is their own nucleus. Let Q ∈ Syl p (G). Then Q ∈ Syl p (N ) and restrictions of the p-special parts of χ and µ restrict identically to Q, i.e., χ and µ have identical vertices and we are done in this case.
and is covered by χ , so η N is conjugate in G to µ. Note that ζ , respectively η, lies in a block of I , respectively J , with defect groups contained in the normal subgroup I ∩ J . Hence by induction the vertices of ζ and η are both conjugate to a vertex of β. Now η and η N by definition have the same vertex, as do ζ and χ = ζ G . But η N is G-conjugate to µ, so the vertices of χ and µ are G-conjugate and we are done in this case.
It remains to consider the case 
Let Q be a p-subgroup of N and δ ∈ Irr(Q). We say that χ has vertex (Q, δ) if χ covers an irreducible character of N with vertex (Q, δ) as defined in [9] .
It is clear from Navarro's definition of a vertex that if θ ∈ Irr(N ) has vertex (Q, δ) and g ∈ G, then θ g has vertex (Q, δ) g . Since the vertices of θ are all conjugate in N (see [9, p. 2764] ) and all irreducible characters of N covered by χ are G-conjugate, it follows that the vertices of χ form a G-conjugacy class. By Theorem 2.1, the definition is independent of the choice of normal p-solvable subgroup containing the defect groups (this uses the fact that there is a unique minimal normal subgroup containing the defect groups of a block). Indeed, if G itself is p-solvable, then our definition is compatible with Navarro's.
We keep the same notation Irr(G, B | Q, δ), etc., with regard to the extended definition of a vertex.
As we might hope, vertices have some bearing on the idea of relative projectivity of irreducible characters as discussed in [8] .
Proposition 3.2. Let B be a p-block of a finite group G with defect groups contained in a normal p-solvable subgroup N . Let Q G and δ ∈ Irr(Q). If χ ∈ Irr(G, B | Q, δ), then χ is afforded by a Q-projective OG-module.
Proof. Let χ cover θ ∈ Irr(N | Q, δ). By definition there are W N and η ∈ Irr(W ) such that Q ∈ Syl p (W ) and θ = η N . Every OW -module affording η is Q-projective.
Since every defect group of B is contained in N , it follows that χ is N -projective. By [8, 2.6] 
, and the result follows. P
Properties of vertices
In this section we prove the analogue of [9, A] and derive some consequences.
The following useful result is probably known, for which we adapt part of Alperin's module-theoretic proof of the Harris-Knörr theorem (see [1] ). K×K , we have that B 1 covers b 1 Let χ ∈ Irr(G, B | Q, δ). Then:
whenever the p-section containing g intersects trivially with Q;
Proof. (a) Let µ ∈ IBr(N | Q). By [9] there is a unique θ ∈ Irr(N | Q, 1 Q ) such that µ = θ p (the restriction of θ to G p ). It suffices to assume that µ (and so θ ) lies in a pblock of N covered by B. Let g ∈ G. Then θ g has vertex (Q, 1 Q ) g = (Q g , 1 Q g ) and µ g has vertex Q g . By [9] there is an unique θ ∈ Irr(N | 
Note that Q is contained in every defect group of G, so Q N . Now Res G Q (χ) contains δ if and only if Res N Q (θ ) does. Since B has defect groups in N , it follows that χ is afforded by an Nprojective OG-module, so by [11, 3.9] The remaining parts follow from (i) in the same way as in [3] . P
